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Calogero , Ruijsenaars , Calogero , Ruijsenaars
. $A_{N-1},$ $BC_{N}$ Ruijsenaars [14] .
2.1 Calogero. ($A_{N-1}$ ) $\mathrm{C}\mathrm{a}1\mathrm{o}_{\mathrm{o}}^{q}\mathrm{e}\mathrm{r}\mathrm{o}$ Moser ,
. [16] .
$g$ , $N$ $M=\mathbb{R}^{N}$ $M=\mathbb{R}^{N}/2\downarrow v_{1}\mathbb{Z}^{N}$ ,
$*1$
(Masatoshi Noumi) Departm$ent$ ofMatbematics, Graduate School $\mathrm{o}F\mathit{3}\mathrm{c}ience$




$H_{1}= \frac{1}{2}\sum_{j=1}^{N}p_{j}^{2}+\sum_{1\leq j<k\leq N}\frac{g^{2}}{(x_{j}-x_{k})^{2}}(+\frac{\omega}{2}\sum_{j=1}^{N}x_{j}^{2})$, (2.1)
$H_{1}= \frac{1}{2}\sum_{j=1}^{N}p_{j}^{2}+\sum_{1\leq j<k\leq N}\frac{g^{2}}{\mathrm{s}i\mathrm{n}^{2}\frac{\pi}{2\iota v_{1}}(x_{j}-x_{k})}$, (2.2)
$H_{1}= \frac{1}{2}\sum_{j=1}^{N}p_{j}^{2}+\sum_{1\leq j<k\leq N}g^{2}\wp(x_{j}-x_{k})$ (2.3)
. $\wp(x)=\wp(x,\cdot\omega_{1}, \omega_{2})$ Weierstrass $\wp$ $\omega_{1},$ $i\omega_{2}\in \mathbb{R}$ ,




$H_{1}= \frac{1}{2}\sum_{j=1}^{N}p_{j}^{2}+\sum_{1\leq j<k\leq N}g^{2}(\wp(x_{j}-x_{k})+\wp(x_{j}+x_{k}))+\frac{1}{2}\sum_{t=0}^{3}g_{t}^{2}\sum_{j=1}^{N}\wp(x_{j}+\omega_{t})$, (2.4)
$\omega 0=0,$ $\omega_{3}=-\omega_{1}-\omega_{2}$ . ,
.. ( $X_{N}$ ) Olshanetskey Perelomov [16] , Khastgir
R. Sasaki [7] . $g_{\alpha}=$ g , $\Delta_{+}$
, $M=(\mathbb{R}\otimes Q^{\vee})/2\omega_{1}P^{\vee}\simeq \mathrm{T}^{N}$ ,
$H_{1}= \frac{1}{2}\langle p,p\rangle+\frac{1}{2}\sum_{+\alpha\in\Delta}g_{\alpha}^{2}\langle\alpha,$




Ruijsenaars Ruijsenaars-Schneider [21] “ ” “
” $c=1/\beta$ Calogero .. ( $A_{N-1}$ ) Ruijsenaars Schneider . $’\backslash$
$H_{1}= \sum_{j=1}^{N}e^{\beta p_{j}}\prod_{k\neq j}v(x_{j}-x_{k},\mu)$ , (2.6)
$v(x, \mu)=(\frac{\sigma(x+\mu)\sigma(x-\mu)}{\sigma(x)\sigma(x)})^{1/2}$ (2.7)
,
$H_{n}= \sum_{J\mathrm{C}\{1,\ldots,N\}}(.\prod_{j\in J}e^{\beta p_{j}})($




$\{H_{i}, H_{j}\}=0$ . [20]. $\mu$ Calogero
$g$ $\mu=i\beta g$ . $A_{N-1}$ Lax pair Ruijsenaars
.
Remark 1. Ruijsenaars Ruijsenaars Calogero
$H_{1}^{\mathrm{R}}=N+P\beta+H_{1}^{\mathrm{C}}\beta^{2}+O(\beta^{3})$ (2.9)
. $(g=0)$ .
$H^{\mathrm{C}}= \frac{1}{2}p^{2}$ , $P^{\mathrm{C}}=p$ , (2.10)
$H^{\mathrm{R}}=e^{\beta p}=1+P^{\mathrm{C}}\beta+H^{\mathrm{C}}\beta^{2}+O(\beta^{3})$ . (2.11). ( $BC_{N}$ ) van Diejen Inozemtsev Ruijsenaars [22]. 2
9 . 8 , van Diejen ,
. Lax pair , .
. ($\mu,$ $\mu_{t},$ $\mu_{t}’(t=0,1,2,3)$ : const)
$H_{1}= \sum_{j=1}^{N}(e^{\beta p_{\mathrm{j}}}+e^{-\beta\rho_{\dot{g}}})u(xj)\prod_{k\neq j}v(xj-x_{k})v(xj+x_{k})$
$+ \sum_{t=0}^{3}\frac{2}{\sigma(\mu)^{2}}(_{s=0}\prod^{3}\sigma_{s}(\mu_{\pi_{l}\langle s)})\sigma_{s}(\mu_{\pi_{\mathrm{t}}(s)}’))\prod_{j=1}^{N}v_{t}(x_{j})$ , (2.12)
$u(x)=( \prod_{t=0}^{3}\frac{\sigma_{t}(x+\mu_{t})\sigma_{t}(x-\mu_{t})}{\sigma_{t}(x)\sigma_{t}(x)}\frac{\sigma_{t}(x+\mu_{t}’)\sigma_{t}(x-\mu_{t}’)}{\sigma_{t}(x)\sigma_{t}(x)})1/2$ , (2.13)
$v_{S}(x)= \frac{\sigma_{t}(x+\mu)\sigma_{t}(x-\mu)}{\sigma_{t}(x)\sigma_{t}(x)}$ . (2.14)
$\pi 0=\mathrm{i}\mathrm{d},$ $\pi_{1}=(01)(23),$ $\pi_{2}=(02)(13),$ $\pi \mathrm{s}=(03)(12)\in \mathfrak{S}_{4}$ . ,
[13].. ( $X_{N}$ ) [11] .
\S 5 , van Diejen[22] .
$(\mu_{\alpha}=\mathrm{i}\beta g_{\alpha}),$ $\lambda$ minuscule coweight ($E_{8},$ $F_{4},$ $G_{2},$ $BC_{N}$ ), $\theta^{\vee}$ quasi-minuscule coweight ($\theta$ :
maximal root) “ ” .
$H_{-\lambda}= \frac{1}{|W_{\lambda}|}\sum_{w\in W}e^{\beta\langle p,w\lambda\rangle}$
$\prod_{\alpha\in\Delta_{+},\langle\lambda,\alpha\}=1}v(\langle x, w\alpha\rangle, \mu_{\alpha})=\frac{|W|}{|W_{\lambda}|}+\frac{\langle\lambda,\lambda\rangle}{N}H^{\mathrm{C}}\beta^{2}+O(\beta^{3})$
, (2.15)
$H_{-\theta^{\vee}}= \frac{1}{|W_{\theta^{\mathrm{v}}}|}\sum_{w\in W}e^{\beta\langle p,w\theta^{\vee})}$
$\prod_{\alpha\in\Delta_{+},\langle\theta^{\vee},a)>0}v(\langle x, w\alpha\rangle_{r}\mu_{\alpha})^{\{\theta^{\vee},\alpha\rangle}$
$+ \frac{\sigma(\mu_{\theta})}{\sigma(\langle\rho_{\mu},\theta^{\vee}\rangle)}\sum_{w\in W}u(\langle x, w\theta\rangle, -\langle\rho_{\mu},\theta^{\vee}\rangle)$
$\prod_{\alpha\in\Delta_{+},\langle\theta^{\vee},\alpha\rangle>0}u(\langle x, w\alpha\rangle$
, \mu \mbox{\boldmath $\alpha$}
(2.16)
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$u(x, \mu)=\frac{\sigma(x+\mu)}{\sigma(x)}$ , $v(x, \mu)=(\frac{\sigma(x+\mu)\sigma(x-\mu)}{\sigma(x)\sigma(x)})^{1/2}$ (2.17)
$\rho_{\mu}=\frac{1}{2}\sum_{+\alpha\in\Delta}\mu_{\alpha}\alpha$ . (2.18)
$BC_{N}$ , (2.12) .
Remark 2. $A_{N-1}$ fundamental coweight $\lambda_{i}$ minuscule , (2.15)
. $\beta$ Calogero .
23 Calogero
. ($A_{N-1}$ ) Calogero . $(parrow\hat{p}=$
$-i\hslash\partial)$ .
$H_{1}= \frac{1}{2}\sum_{j=1}^{N}\hat{p}_{j}^{2}+\sum_{1\leq j<k\leq N}g$($g$ ) $\wp(x_{j}-x_{k})$ (2.19)
$H_{n}$ $[H_{i}, H_{j}]=0$ .
[18] .. ( $BC_{N}$ ) Inozemtsev .
$H_{1}= \frac{1}{2}\sum_{j=1}^{N}\hat{p}_{j}^{2}+g(g - \hslash)(\wp(x_{\tilde{J}}-x_{k})+\wp(x_{j}+x_{k}))l\leq j<k\leq N$
$+ \frac{1}{2}\sum_{t=0}^{3}g_{t}(g_{t}-\hslash)\sum_{j=1}^{N}\wp(x_{j}+\omega_{l})$ (2.20)
, [15, 17, 18] . $B_{2}$
.. ( $X_{N}$ ) Cherednik ( ) ( )
Double Affine Hecke Algebra(DAHA) , DAHA
$[1, 2]$ . ($g_{\alpha}=g|\alpha|$ : const., $\Delta_{+}$ : positive roots)




(Dittrich-Inozemtsev, Felder-Varchenko), (Takemura-Y. K.),
(Langmann) , ,
B6
24 $\mathrm{R}\mathrm{u}\dot{\iota}\mathrm{j}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{a}\mathrm{a}\mathrm{r}\mathrm{s}$. ($A_{N-1}$ ) Ruijsenaars [20].
$Pjarrow\hat{p}_{j}$ .
$H_{1}= \sum_{j=1}^{N}e^{\beta p_{j}}\prod_{k\neq j}(\frac{\sigma(x_{j}-x_{k}+\mu)\sigma(x_{j}-x_{k}-\mu)}{\sigma(x_{j}-x_{k}\rangle\sigma(x_{j}-x_{k})})^{1/2}$ (2.22)
$H_{1}= \sum_{j=1}^{N}\prod_{k\neq j}(\frac{\sigma(x_{j}-x_{k}+\mu)}{\sigma(x_{j}-x_{k})})^{1/2}e^{\beta\hat{p}_{j}}\prod_{k\neq j}(\frac{\sigma(x_{j}-x_{k}-\mu)}{\sigma(x_{j}-x_{k})})^{1/2}$ (2.23)
. $T_{j}(-i\hslash\beta)=e^{-i\hslash\beta\partial_{j}}=e^{\beta\hat{p}_{\mathit{3}}}$
$(T_{j}(-i\hslash\beta)f)(x):=f(x_{1}, \ldots, x_{j}-\mathrm{i}\hslash\beta, \ldots,x_{N})$ (2.24)
. $[H_{i}, H_{j}]=0$ .
$W$
$Y_{i}=W^{-1}H_{i}W$, $[Y_{i}, Y_{j}]=0$ (2.25)
$\ovalbox{\tt\small REJECT}$ $= \sum_{j=1}^{N}(\prod_{k\neq j}\frac{\sigma(x_{j}-x_{k}+\mu)}{\sigma(x_{j}-x_{k})})T_{j}(-\mathrm{i}\hslash\beta)$ (2.26)
. Macdonald .. ( $BC_{N}$ ) Ruijsenaars $BC_{N}$ . van Diejen [22] ,
[12] .
$Y_{1}= \sum_{\epsilon=\pm 1}(u(\epsilon x_{j})\prod_{k1\leq j\leq N\neq j}v(\epsilon x_{j}-x_{k})v(\epsilon x_{j}+x_{k}))e^{-\epsilon\beta\hat{p}_{\mathrm{j}}}$
$+ \sum_{t=0}^{3}\frac{2}{\sigma(\mu)\sigma(\mu-2\gamma)}(_{s=0}\prod^{3}\sigma_{s}(\mu_{\pi_{\ell}(s)}-\gamma)\sigma_{s}(\mu_{\pi_{t}(s)}’))\prod_{j=1}^{N}v_{t}(x_{j})$ , (2.27)
$v(x)= \frac{\sigma(\mu+x)}{\sigma(x)}$ , (2.28)
$u(x)= \prod_{t=0}^{3}\frac{\sigma_{\ell}(\mu_{t}+x)}{\sigma_{t}(x)}\frac{\sigma_{t}(\mu_{t}’+\gamma+x)}{\sigma_{t}(x+\gamma)}$ , (2.29)
$v_{t}(x)= \frac{\sigma_{t}(\mu-\gamma+x)}{\sigma_{l}(-\gamma+x)}\frac{\sigma_{t}(\mu-\gamma-x)}{\sigma_{t}(-\gamma-x)}$ , (2.30)
$\gamma=i\beta\hslash/2$ . 4 Macdonald-Koornwinder
, .
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. ( $X_{N}$ ) Macdonald Cherednik
Double Affine Hecke Algebra [2]. Ruijsenaars
, . $\mu_{\alpha}=i\beta g_{\alpha}$





$( \frac{\sigma(\langle x,w\theta\rangle+\mu_{\theta}-i\hslash\beta)}{\sigma(\langle x,w\theta\rangle-\mathrm{i}\hslash\beta)}T_{w\theta^{\mathrm{v}}}(-\mathrm{i}\hslash\beta)+\frac{\sigma(\mu_{\theta})}{\sigma(\langle\rho_{\mu},\theta^{\vee}\rangle)}\frac{\sigma(\langle x,w\theta\rangle-\langle\rho_{\mu},\theta^{\vee}\rangle-i\hslash\beta)}{\sigma(\langle x,w\theta\rangle-\mathrm{i}\hslash\beta)})$
. Root Algebra [11],















$Y_{1}^{(3)}= \sum_{j=1}^{N}(_{k-1}\prod_{k\overline{\neq}j}^{N}e^{\nu \mathrm{s}(x_{\mathrm{j}}-qi_{k}})\frac{\sigma(x_{j}-x_{k}-\mu_{3},\omega_{1},\omega_{2})}{\sigma(x_{j}-x_{k},\omega_{1},\omega_{2})}.\cdot)T_{j}(2\omega_{3}$ } (3.4)
. $\omega_{1},$ $\omega_{2},\omega_{3}\in \mathbb{C}$ $\Im\omega_{i}/\omega_{j}\neq 0$ , $\sigma(x;\omega, \omega’)$ Weierstrass $\sigma$
. $\nu_{1},$ $\nu_{2},$ $\nu_{3},$ $\mu_{1},$ $\mu_{2},$ $\mu_{3}$. 3 . [9] .
ffimark 3. $Y_{j}^{(k)}$ $\mathbb{Q}[W\aleph P^{3}]$ (3 extended affine Weyl grouP) ,
$3N$ . ,





$M_{1}^{(1)}= \sum_{j=1}^{N}(\prod_{k1}^{N}\frac{\sin(x_{j}-x_{k}-\mu)}{\sin(x_{j}-x_{k})})T_{j}(\delta)$ , (3.5)
$M_{1}^{(2)}= \sum_{j=1}^{N}Tj(\pi)$ , ( ) (3.6)
$M_{j}^{(2)}$ $M_{m}^{\langle 1\}}$ .














$BC_{1}$ , $\tau_{1},$ $\tau_{2},$ $\mu_{0},$
$\ldots,$
$\mu_{6}\in \mathbb{C}$ $\Im\tau_{1},$ $\tau_{2}>0,2\mu \mathrm{c}+\mu_{1}+\cdots+\mu_{6}+\tau_{1}+\tau_{2}=0$
,
$\theta(x-\mu_{0}+\tau_{1} ; \tau_{2})\prod_{j=0}^{6}\theta(x-\mu_{j}; \tau_{2})$







, $\theta(x;\tau)$ Jacobi . .
B9
Remark 4. $E^{(1)}$ ,
$Y^{(1)}\phi=E^{(1)}\phi$ (4.4)









$E^{(1)}=e^{-2\pi i\mu 0} \prod_{\mathrm{i}=1}^{6}\theta(\mu_{0}+\mu_{i)}.\tau_{\sim}\theta)$, $E^{(2)}=e^{-2\pi i\mu 0} \prod_{i=1}^{6}\theta(\mu_{0}+\mu_{i};\tau_{1})$, $E^{(3)}=0$ (4.6)
. $\uparrow$
$c_{0}=e^{2\pi i(\mu_{0}-\mu_{1}-\tau_{1}-\tau_{2})}$ , $c_{1}=e^{2\pi i(\mu 0+\mu_{2})}$ , $c_{2}=e^{2\pi i(\mu 0+\mu_{3})}$ ,
$c_{3}=e^{2\pi i(\mu 0+\mu_{4})}$ , $c_{4}=e^{2\pi i(\mu 0+\mu \mathrm{s})}$ , $c_{5}=e^{2\pi i(\mu 0+\mu\epsilon)}$ , (4.7)
$(\=e^{2\pi i\langle-x-\mu_{1}\rangle}$ , $c_{7}=e^{2\pi i\{x-\mu_{1})}$ ,
$p=e^{2\pi i\tau_{1}}$ , $q=e^{2\pi i\tau_{2}}$







2. $i$ $c_{i}=p^{-M}q^{-N}(M, N\in \mathbb{Z}\geq 0)$ ,
$\phi=\tilde{\phi}(_{C_{0,\ldots,q^{-N},\mathrm{l}}}\ldots c_{7};p)\cross\tilde{\phi}(c_{0}, \ldots,p^{-M}, \ldots, c_{7};q)$. (4.9)
$\tilde{\phi}(c_{0}, \ldots, c_{7};r)=\sum_{k=0}^{\infty}\frac{\langle(pq)^{2k}c_{0}\cdot r\rangle}{\langle c_{0}r\rangle},\frac{\langle\langle c_{0}r\rangle\rangle_{k}}{\langle\{pqr\rangle\rangle_{k}}\prod_{i=1}^{7}\frac{\langle\langle c_{i},r\rangle\rangle_{k}}{\langle\langle pqc0/c_{i}r\rangle\rangle_{k}}.$. (4.10)
$\langle\langle u;r\rangle\rangle_{k}=\langle u;r\rangle\cdots\backslash u(/pq)^{k-1}$ ; $r\rangle$ $\langle u;r\rangle$ Jacobi multiplicative $fom$
.
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$12V11$ ( $E_{9}$ ) [3]
. $|r|$ 1 , $i$ $b_{i}=r^{-N}$ ,
$12V_{11}(b_{0;}b_{1}, \ldots b_{7;}r)2=\sum_{k=0}^{\infty}\frac{(q^{2k}b_{0},r\rangle}{\langle b_{0}r\rangle}.\frac{\langle b_{0}r\rangle_{k}}{\langle rr\rangle_{k}}\prod_{i=1}^{7}\frac{\langle b_{i}r\rangle_{k}}{\langle rb_{0}/b_{i}r\rangle_{k}}$ (4.11)
. $\langle u;r\rangle_{k}=\langle u;r\rangle\cdots\langle ur^{k-1}; r\rangle$ .
3.





$\hslasharrow 0$ . van Diejen .
1(van Diejen [22]). $\kappa j\in \mathbb{C}^{N}(j=1,2)$ , $V_{j}(x, \hslash)(j=1,2)$ $\hslash$ $\hslash\sim 0$ , $x$
$U$ . $U$ $\mathbb{R}^{N}$ .




$\{O_{1}, O_{2}\}=V_{\{1,2\}}(x)e^{-(\kappa_{1}+\kappa_{2})\cdot p}$ (5.4)
.
$\kappa_{arrow 0}\mathrm{m}\frac{V_{[1,2]}(x,\hslash)}{\mathrm{i}\hslash}=V_{\{1,2\}}(x)$ . (5.5)
$[\hat{O}_{1},\hat{O}_{2}]=0$ $\supset$ $\{O_{1}, O_{2}\}=0$ . (5.6)
, , $\hat{p}$ $p$ , $\hslasharrow 0$
. , Ruijsenaars $\hslasharrow 0$
, Ruijsenaars . \S 2
$3N$ $N$ .
$N$ , Calogero differential
. . leading term
. [11] .
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4. $\lambda\in P_{-}$ .
$Y^{\lambda}= \frac{1}{|W_{\lambda}|}\sum_{w\in W}\sum_{\lambda[succeq]\lambda’}g_{\lambda}^{\lambda},(w^{-1}x)e^{-\beta\langle p,w\lambda’\}}$ . (5.7)
$g_{\lambda}^{\lambda}$, ,
$g_{\lambda}^{\lambda}(x)=$ $\alpha\in\Delta\prod_{+}(\frac{\sigma(\langle x,\alpha\rangle+\mu_{\alpha})\sigma(\langle x,\alpha\rangle-\mu_{\alpha})}{\sigma(\langle x,\alpha\rangle)\sigma(\langle x,\alpha\rangle)})\langle-\lambda,\alpha\rangle/2$ (5.8)
$(-\lambda,\alpha\rangle>0$
, $\lambda_{2}\lambda’\in P_{-}$ , $\lambda[succeq]\lambda’\Leftrightarrow P(\tau_{\lambda})>l(\tau_{\lambda’})$ $\lambda=\lambda’$ .
.






$dY^{\lambda}=\langle f_{\lambda}(x,p), dp\rangle+\langle g\lambda(x,p), dx\rangle$ (5.10)
$\det\langle f_{-\lambda}:’\alpha j\rangle_{ij}$ 0 .
$f_{\lambda}= \frac{1}{|W_{\lambda}|}\sum_{w\in W}\sum_{\lambda[succeq]\lambda’}g_{\lambda’}^{\lambda}(w^{-1}x)e^{-\beta\langle p,w\lambda’)}(-\beta w\lambda’)$
(5.11)
, $\langle f_{-\lambda_{\dot{\mathrm{t}}}}, \alpha_{j}\rangle\langle \mathrm{j}=1,$ $\ldots,$ $N$ ) $e^{\beta(p,\lambda_{\mathrm{i}}\rangle}$ 1 $i=j$ . $\rho=\sum_{j=1}^{N}\lambda j$
$\prod_{j=1}^{N}e^{\beta\langle p,\lambda_{\mathrm{j}}\rangle}=e^{\beta(p,\rho\rangle}$ (5.12)
1




$=( \prod_{j=1}^{N}a_{\lambda_{\mathrm{j}}})e^{\beta\langle p,\rho\rangle}+*$ .
0
.


















$w_{j}\lambda_{j}=\lambda_{j}-\nu_{j}$ , $(\nu_{j}\in Q_{+})$ (5.18)
$\sum_{j=\underline{1}}^{N}w_{j}\lambda_{j}=\sum_{j=1}^{N}\lambda_{j}-\sum_{j=1}^{N}\nu_{j}$ (5.19)
$\sum_{j=1}^{N}$ $=0$ . $\nu j=0(j=1, \ldots, N)$ $w_{j}\lambda_{j}=\lambda_{j}$
$w_{j}\lambda_{j}’=\lambda_{j}$ ,
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